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Matrix

Let m,n € N be natural numbers.

Then areal m xn matrix (or a matrix of the type m X n or an m-by-n matrix) is
a rectangular table of real numbers consisting of m rows and of n columns:

Ain @1z = Qn
Am1 QGmz2 *° Qmn
The elements a;; are the entries of the matrix A
for i=1,2,..,m and for j =1,2,..,n.



The vector space of matrices

Let m,n € N be natural numbers.

The space of all matrices of the type m X n is denoted by R™*%,

On the space R™*" of the matrices of the type m X n,
the following vector operations are introduced:

— addition
— subtraction

— scalar multiplication



Addition of matrices

Let m,n € N be natural numbers. Let two matrices A4, B € R™*" be given.

Addition:

di1 Q2 * Qun bi11 bz o by

am:l. a‘m.Z i amn bm'l b-rnz mes bmn
A1+by1 Azt by o A+ by
(1 +bzy  Qupatby - aGppt by

Qma+bma @Gmz+bpz -« Qupt by



Subtraction of matrices

Let m,n € N be natural numbers. Let two matrices A4, B € R™*" be given.

Subtraction:

Ai; @z - Qin bi1 bz byg
Az1 Gzz ** Gz | [ byy bz v bpg

Am1 Qmz2 ° Qma bm-]_ bmz bmn

@11 — b11 Q2 —b13 - Qi — g
_ | @21 —b21 @y —bayy - ayp— Doy

Ami1—bm1 @Gmz—bpmz - Aun— by



Multiplication of a matrix by a scalar

Let m,n € N be natural numbers.
Let a matrix A € R™*" and a scalar A € R be given.

Scalar multiplication:

Q11 Q12 " Qp Aayy  Aap
14 = A a:21 afz ﬂ?n 1@21 Ar:fzz

Ami1 Qm2 ** Qmp Aapmi Adpys

Aayy




The zero matrix

Let m,n € N be natural numbers.

The zero matrix of the type m X n is

e I e e
o O

The zero matrix consists of the zeros (0) only.



The vector space of matrices

Let m,n € N be natural numbers.

For any matrices A, B,C € R™" and for any scalars 4, u € R, it holds:

A+B=B+A A+uA =24+ A
(A+B)+C=A+(B+0C) A(A+B)=2A+ 2B
A+0=A=0+A4 (A A = 2(ud)
A—A=0 1A=A

We can see now that the space R™ " of the matrices
of the type m X n is a real vector space of dimension m X n.



The rank of a matrix

Let m,n € N be natural numbers.

The rank of a real m X n matrix

G117 @12 - O1n
AQmi Am2 = Omn
IS
the number of linearly independent columns
the number of linearly independent rows

Observation: The rank(4) < min{m,n)



Multiplication of matrices

Let m,n,p € N be natural numbers.

Given a matrix A € R™*® and a matrix B € R**?, we can multiply them:
C=AB

The entries c;;, of the product ¢ € R™*? are calculated as follows:

7

Cix = Qj1b1g + Qizbag + o+« + Qinbpy = Z a;ibjx
=

fori=1,2,.,m andfor k=1,2,..,p.



Multiplication of matrices

-7 by1 | by blp
///
7 g
7 - by1 | by pr
// ’//
/ 7
/ -
/ // -
/ / //
I / /
I 1 /

l, 1’ II /’— bnl bnz bn'p

| | | ]
ai1 | A12 Ain | C11 | C12 C1p
a a a C C Cy _

ol | T2 an | mel ) ez P Cike = Qi1 b1y + Qizbag + -+ + Qi by
fori=1,2,...m and
for k=1,2,..,p

Am1 | Am2 Amn | Cm1 Cm2 Cmp




Square matrices

Let n € N be a natural number.

A square matrix is any matrix of type n X n

11 Q2 - dAqn
A9 dz2 -+ d2q
A=| S :

Q1 GQnz ** CQnn



The identity matrix

Let n € N be a natural number.

The identity matrix of the type n X n is the matrix

0
0

oo Rr o

1

The identity matrix has
— ones (1) on its main diagonal and
— zeros (0) everywhere else.



Non-singular square matrices - QE

Let n € N be a natural number.

A square matrix A € R**" is
— either singular,
— or non-singular.

The matrix A is non=singular if and only if there exists a square matrix B € R™"
such that
AB=1=BA

where I is the identity matrix.

Nofice that there exists no more than one such a matrix B.



3

The inverse matrix

Let n € N be a natural number and let A € R™" be a non-singular square matrix.

Then we already know that there exists exactly one square matrix B € R**"* such
et AB =1=BA

where [ is the identity matrix.

The matrix B is the matrix inverse to the matrix 4 and it is denoted by

B=A"1



Singular and non-singular matrices - QE

Let n € N be a natural number and let A € R**" be a square matrix.

We know that the matrix A is non-singular if and only if there exists exactly one
square matrix B € R™" such that

Theorem. The square matrix 4 is non-singularif and only if rank(4) = n,
1.e.

— all n rows  of the matrix are linearly independent

— all n columns of the matrix are linearly independent

The matrix is singular if and only if it is not non-singular.



Summary |

Let n € N be a natural number, let A4,B, C € R**" be square matrices, and
let A,u € R be scalars. It holds:

A+B=B+A (A+uA =24+ A
(A+B)+C=A4A+(B+C) AMA+B)=214A+ 2B
A+0=A=0+A4 (Au)A = A(ul)
A—A=0 (AB)C = A(BC) 1A=A

Al=A=1IA

A(B+C)=AB+ AC
(A+ B)C = AC + BC




Summary I

Let n € N be a natural number and let A € R**" be a square matrix.
If, moreover, the matrix A is non-singular, then it also holds

AA™1=1=474



