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Outline of the lecture

« Sequence of real numbers

 Arithmetic progression and Geometric progression

» The sum of the first n elements of the arithmetic or geometric progression
» The limit of a sequence and its properties

 Series (infinite sums)

» The sum of a geometric series

« Criteria of convergence, altemating series, Leibniz criterion



A sequence of real numbers

Recall the set of the natural numbers
N={1,234,56,728"910,..}

and the set of the real numbers:

I
-3 -2 -1 o 1 2 3 .- R

We shall now deal with sequences of real numbers:

al, az, ag, a4’ a5, aﬁ, a';', ag, ag, ﬂlu, nan E ]E



A sequence of real numbers

Recall that N ={1,2,3,4,5,6,7,8,9,10,...}.

A sequence of real numbers (a,, a,, a3, a4, as, ag, a;, ag, g, A19, . € R)
is a mapping, or function,

aN—R

an— a, for n€N




A sequence of real numbers

The sequence of real numbers (a,,a,, a3, a4, as, ag, ay, ag, dg, Aq9, .- € R),
i.e. the mapping a:N — R, is denoted by

{anin=1




Arithmetic progression

The sequence {a,}5=, of real numbers is an arithmetic progression
if and only if the difference

d=au41—0n
is constantforall n=1,2,3, ...

The n-th element of the arithmetic progression is

a,n=a1+(n—1)d for n=1,2,3,...



Arithmetic progression: the sum of the first n elements

Let the sequence {a,}r—, of real numbers be an arithmetic progression.

The sum of the first n elemenis is

n
z a +az + -+ ay

and it holds

o
Il
b



Geometric progression - QE

The sequence {a,}s=, of real numbers is a geometric progression
if and only if the ratio

_ An+1
Qn

q

is constantforall n=1,2,3, ...

The n-th element of the geometric progression is

an=a;Xq"1 for n=123,..



Geometric progression: the sum of the first n elements

Let the sequence {a,};—, of real numbers be a geometric progression,
i.e. a, = a, xq"1 forsome q € R.

Notice that:
a1+a2+a3+a4+a5+---+an=
=a, Xq'+a; Xqg +a; Xxg?+a, Xxqg* +a, Xqt+ - +a; xg" 1=
=a; x(@°+q' +¢*+q>+q* +-+q~ ) =S$
Hence
X @°+a'+¢*+@P g+ +q" (g -1D) =S(g—-1)
yx@'—q"+¢*—-q'+¢°—q*+ - +q"—q" ) =5(@g-1)
X (@"—q%)=5(@g—-1)
g" -1
q—1

.S'=a1><



Geometric progression: the sum of the first n elements

Let the sequence {a,};—, of real numbers be a geometric progression.

The sum of the first n elemenis is

n
z a +az + -+ ay

and it holds




The limit of a sequence: the neighbourhood of a point

The neighbourhood of a point is the set of all “nearby” points:

(finite number)

A refined neighbourhood of the point is a smaller set of all “nearby” points:

(finite number)

And we are about to consider smaller and smaller neighbourhoods...



The limit of a sequence

Consider a sequence {a,} =, Of real numbers.

It may happen that:
as n tends to infinity (n —» +),
then the numbers «,, tend fo some number A4, i.e. ¢, — A.

In other words:
as n gets close to infinity {the point +),
then the numbers a,, are close to the number A.

Equivalently:
if n isin a small neighbourhood of infinity (the point +o0),
then the numbers «a,, are in a small neighbourhood of the number A.



The limit of a sequence

To denote the fact that the number A is the limit of the sequence {a,},=, of real
numbers, we write

Jirg @ = 4
Notice that the number A can be

— eijther finite (4 € R)
— orinfinite (A= —o or A= +)

Hence, we need up to three definitions of the notation “lim, . a, = A"
(for three types of neighbourhood of the point A;

notice that n — 0, so the neighbourhood of 4+ is the same

in all of the three cases).



The limit of a sequence

Let {a,}4 be a sequence of real numbers and
lef A €R be a (finite) real number.

We say that the number A4 is the limit of the sequence {a,}’~, and we write

lima, =A

n=—Co

if and only If
Ve>0 IngeEN YnEN: n€ (ng,+o0)=>a,€(A—¢ A+¢)
or

Ve>0 AngeNVrREN: n>ny=|a,—A4| <¢



The limit of a sequence

Let {a,}4 be a sequence of real numbers.

We say that the (infinite) number +oo is the limit of the sequence {a,}>, and

we write
iy o = o

if and only if

VKER IAnyg € N YnEN: n € (ny,+%) = a, € (K, +x)

or

VKER AIngeEN VREN: n>ng=a,>K



The limit of a sequence

Let {a,}4 be a sequence of real numbers.

We say that the (infinite) number —oo is the limit of the sequence {a,}>, and

we write

i =~

if and only if

VKER Ang €N vn € N: n € (ng,+o) = a, € (—wx, K)

or

VKER AIngeEN VREN: n>ng=>a, <K



The limit of a sequence

Let {a,}—, be a sequence of real numbers.

We say that the sequence {a,}5-, is convergent if and only if ?!1_% a, = A
for some finite number A € R.

The sequence {a,}.-, diverges to +oo if and onlyif lim a, = +co.

n—o0

The sequence {a,}r, diverges to —oco if and onlyif lim a,, = —oo.

n—o0

We say that the sequence {a,}; -, is divergent if and only if 1'111_% a, =4
for no number 4 € R VU {—c0, 400},



Properties of the limit

Let {a,}=, and {b,}>=; be two sequences of real numbers such that

lima,=A4 and lim b, = B. We define for any a € R:
n=0 n—o a+ (+o) =+ +a = +oo
a+ (—w)=—w+a=—0w
(+00) + (+00) = 400
It then holds for any c € R that: (=) + (=) = —o
— lim (¢ = cA The expressions
“"'“’( o) (+00) + (—o0)
. (+00) — (+0)
— l%(aﬂ +b,)=A+B (—00) — (—00)
" are not defined.
— ?{glgo(an—bn) =A-B

whenever the expression on the right-hand side is defined.



Properties of the limit

Let {a,}=, and {b,}3; be two sequences of real numbers such that

i — i — B. We define for any a € R*:
11111'1:}0“" 4 and %ﬂb" 5 ax (+0) = 400 X a = +oo
aX{(—»)=—-oxXxag=—
We defineforanya € R™:
It then holds: aX (o) =+ewxa=—co
aX(—w)=—-coXxa=+w
. Moreover:
— lim (@, X by) =AXB (+00) X (+00) = (—00) X (—0) = +00
(+90) X (—90) = (=00) X (+00) = —o0
. fan) _ 4 :
T ._.P_I,EO (E) B if B+0 The expressions
0 X (+o0)
whenever the expression on the right-hand side is defined. (£o0) + (+00)
are not defined.




The limit as a linear mapping

Let ¥V and W be vector spaces f:V — W be a mapping.
Recall that the mapping f is linear if and only if it holds

flu+v)=f(w+ f(v) forevery w,v€EV

F(Aw) = Af(w) forevery u€V andforevery A€ R
It holds
lim (a + by) = lim @, + lim b,  forevery {an)im; and {b}us
lim Aq, = A lim a, forevery {a,}n-, andforevery A€R

=00 =00



Theorem

Let {a,}ieq1, {Pnln=1, {cn}r=q b® sequences of real numbers such that
A <b, <y forall neN

If
lim a, = B = lim ¢, forsome B € RV {400, —o0}

=00 =00

then
lim b, =B

=00



Infinite series - ﬁ

Let {a,}4 be a sequence of real numbers.

The infinite series or the infinite sum is

00
Zan=a1+a2+a3+a4+a5+a6+a?+---
n=1



Sequence of partial sums

Let {a,}4 be a sequence of real numbers.
The sequence of the partial sums of the sequence {a,} -; is

S1=Q

Sz=a1+ﬂ2

53=a1+a2+a3
Ss=@1+a+az+a,
35=a1+ﬂ2+a3+a4+a5

S¢ =1+ a3 +az3+ay+ds + ag
Sz=Qta; +az+ Q4+ ag + ag + ay



The sum of a series - QE

Let {a,}q be a sequence of real numbers and let {s, }r=, be the sequence
of the partial sums (s, = a; + -+ a,).

Wae say that the series Y5, a, converges to a (finite) number S € R,
or diverges to +oo or diverges to —oc and we write

Zan=,5‘ Zan=+oo Zan=—no
n=1

n=1 n=1
if and only if
limsn, =95 Bm sp = +oo lim sp = —co

respectively.



Divergent series

Let {a,}>=, be a sequence of real numbers and let {s,}3=, be the sequence

of the partial sums (s, = a + - + a,).

We say that the series Y., a,, is divergent if and only if
the sequence {s,}n-, is divergent.



The sum of a geometric series - as

Let the sequence {a,}i=, of real numbers be a geometric progression and
let {s,}r=; be the sequence of the partial sums (s, = a; + - + a,,).

Assume that |g| < 1.
Then

q"—1
qg—1

Sp = Q1 X =q;t11(q"—1)=a1+az+---+an

L
-0

Hence the sum of the geometric series is

o0

S gy m oy
k = 1 ~
k=1 1=q



