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The derivative of a function

Motivation: instantaneous velocity and the line tangent to the graph

of a function

Rules to calculate the derivative

Chain rule
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Example — instantaneous velocity of a mass point:

Let a mass point move along a line (horizontally, say).

Let f(t) denote the distance of the point from the origin at time .

Let t; and t,, suchthat t; <t,, be two times.

Then the average velocity of the point between the times t; and t, is

f(t2) — f(t1)

b, — 14

Now, what happens if t; is fixed and t, tendsto t;?




The derivative of a function

The average velocity of the point between the times t; and ¢, is

f(tx) — f(ty)

b, — U4

What happens if t; isfixed and t, tendsto t;7?

Considering the shorter and shorter time intervals, we get

I f(t) — f(ty)
im

tz—)fl tz - tl
which is the instantaneous velocity of the mass point at the time ¢;

(if the limit exists)
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Example — the line tangent to the graph of a function:

Let f be a “smooth” function.
Choose a point x,. Our purpose is to

find the line tangent to the graph of the function f atthe point [x,, f (xg)].

That is, we are seeking for a line
y=ax+b
that is tangent to the graph of the function f atthe point [x,, f(xq)].

First, our task is to find the slope a of the tangentline.
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Let h = 0 be a small non-zero real number.

Then the ratio

f(xo+h) — fxp)
h

is the slope of the secant line

passing through the points [x,, f(xo)] and [xq,+ h, f(xq + h)].

Now, let h —» 0.
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Then
. fxo+h)—fxg)
a = lim
h—-0 h

is the slope of the tangent line at the point [x, f(x,)]

(if the limit exists).

It then also holds:

) = f(x)
a = lim

XX X — Xg




The derivative of a function

To find the constant b in the equation

of the line tangent to the graph of the function f at the point [x,, f(x,)],

y=ax+b

once the coefficient a is known, it suffices to put

f(xg) = axqg+b
b = f(xq) — axg
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Let a function f and a point x, € R be given.

Assume that the function f is defined on the whole interval (xy — 8, xq + 6)

forsome § > 0.

Then
f(xo+h) = f(xo)

f(x0) = }ll_l}}) n

is the first derivative of the function f atthe point x, (if the limit exists).

If the limit does not exist — the function is not differentiable at x,,

l.e. the function has no derivative at x,.




The derivative of a function

If the limit
f(xo+h) — f(xo)

f(x0) = }ll_l;lg) n

is finite — the derivative is finite.

If the limit is infinite — then the derivative is infinite.

Theorem. If the derivative f'(x,) exists and is finite,

then the function f is continuous at the point x,.
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Let f be a function such that its derivatives at a point x € R exists and is finite.

Thatis, f'(x) exists and is finite.

Moreover, let ¢ € R be any constant.

It then holds:

(ex f)'(x) =cx f(x)




Rules to calculate the derivative Il

Let f and g be two functions such that

their derivatives at a point x € R exist and are finite.

Thatis, f'(x) and g'(x) existand are finite.
It then holds:
(f+9) ) =f"(x)+g" )
f =)&) =f"(x)—g' ()
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Rules to calculate the derivative lll

Let f and g be two functions such that
their derivatives at a point x € R exist and are finite.

Thatis, f'(x) and g'(x) exist and are finite.

It then holds:

(f x9)' ()= (f'(x)x g() + (f () x g’ (x))

If g(x) # 0, then

(f)' (o0 xg@) = (fG) x g’ ()
_ (x) - 2
g g2 (x)
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Let g be a function such that its derivatives at a point x € R exists and is finite.

Let f be a function such that its derivatives at the point g(x) exists and is finite.

Then:

(feg)(x)=f"(g(x)xg'(x)
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Let f(x) = const.

Then f'(x)=0
o~ 1. flx+h)—f(x) const. —const. e B
T LT
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Let flx)=x" for n=1,273,4,5, ..
Then fl(x) =nxx™1
GO = i fxe+h)—fx) . (x+h)"—x"
[0 = lim h = oo h N
n -1 n —21L2
— lim x™ + (1)x” h + (k)xn h2 4+ -« 4+ ht — x™ o

=nx
h—0 h
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1
Let flx) ="x =xn for n=1,2,3,4,5, ..

11

Then f(x)—an —xxn

— calculate the derivative of the function inverse (3/x) to the function f(x) = x"
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P
Let f(x) =x9= VxP for p,gq=1,2,3,4,5,..

b=q
Then f’(x)=§><qxp‘ =§><x

— calculate the derivative of the composite function (/x?) — chain rule
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Let fx)=x* for 2€eR

Then fl(x) =2xx*1

— consider the limit of x*» for A, = % - 2
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Let flx) =¢e*

Then f'(x) =¢e*
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Let f(x) =sinx
Then f'(x) =cosx
Let f(x) =cosx

Then f'(x) =—sinx
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Let f(x) =tanx

Then flx) =—5==—

cos2x  (cos x)2

. ! . . .
sin x cosx X cosx —sinx X (—sinx) cos?x + sin® x 1
(tanx)' = = = =

COS X COS?2 x COS? X COS? X
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Let f(x) =a* for a>0

Then f'(x) =a* xXIna

f(x) =a* = eln(a®) — pxlna

fr(x) — exlna X (1 b lna) =a* Xlna




The rules of differentiation

Let f(x) and g(x) be functions with the derivative
in the interval J = R*hen:

1)

1)

[.':‘ : f{:-:)]’: ¢ 1 (x)
[f(x)2g(®)]=F(x)tg'(x)

iii) [ £(x) g(x)]=f(x)- g(x)+ f(x) g'(x)

V)

v)

!'Ff(.-‘f) - f(x)g(x)—f(x)-g'(x)
- g(x) 2’ (x)
[ f(g(x)]=1"(g(x) g'(x)

L g(x)#0
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Derivatives of elementary functions

SiIx COSX
cosx —SINY
fix) f(x) 1
12y
konstanta 0 cos’ x
X 1 1
cotgx —
.\‘" J?.T”_l S x
: . ) 1
e e aresiny =
1 1—x7
In x — 1
h'y arccosxy - =
x X 1—x
a a -Ina 1
| arctgx :
log x l+x
xIna 1
arccotgx
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Examples

y=x2:>y'=2D]:2

y:6x3 —5x+4:>y':18x2 -5
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