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Abstract. We introduce the concept of a fuzzy coalition structure on
a finite set of players. Then, we propose a new model of a cooperative
fuzzy game with transferable utility: an existing coalition is assumed to
endeavour in a branch of industry, and a deviation of a new coalition
from the coalition structure is seen as an opportunity of the coalition.
Based on these premisses, we introduce the concept of the core of the
cooperative fuzzy TU-game with respect to a general fuzzy coalition
structure. Finally, we define the concept of balancedness and formulate
a generalization of the Bondareva-Shapley Theorem.
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1 Introduction

Consider a classical cooperative game of n players with transferable utility. The
coalition is any subset of the set N = {1,2,...,n} of the players, and the potency
set P(N)={K : K C N} of the set N is the collection of all coalitions K C N
that can potentially emerge. Finally, if a coalition K C N emerges, then it will
achieve its total profit of v(K) units of some transferable utility (e.g. money); it
is assumed that v(f)) = 0. In other words, the cooperative game is given by its
coalition function, which is a mapping v: P(N) — R such that v() = 0.

The coalition structure is any partition of the set N of the players; that is,
the coalition structure is any collection & = {51, 5s,...,S,} of coalitions such
that U;:1 Sp = N and S, NS, = 0 whenever p # ¢ for p,¢g =1,2, ..., n, and
also 0 ¢ S.

Assume that a coalition structure § = {51, S5s,...,5,} has crystallized. It
means that the coalitions S7, Ss, ..., S, have emerged, they exist now, and they
will achieve the profits v(S1), v(S2), ..., v(S,), respectively. Now, the purpose
is that the players within each coalition S1, S, ..., S, divide the total profit of
their coalition among themselves. The division of the profit among the players
is described by the payoff vector.

The payoff vector is any vector a = (a;)?_; € R"™, where a; is the profit
apportioned to the i-th player for ¢ = 1, 2, ..., n. It is usual to require that
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the payoff vector belongs to a certain solution concept of the cooperative game.
Informally speaking, the solution concept is a mapping that assigns a certain set
of payoff vectors (i.e. a subset of R™) to the coalition function v: P(N) — R and
to the coalition structure S = {5, Se,...,S.}. The core [8,6,7] is an example
of the solution concept.

The core of the cooperative game with transferable utility (TU-game) given
by the coalition function v with respect to the coalition structure S is the set

Cz{aER": Yra;=v(S) for S €S and ) a; > v(K) forKEP(N)\S},
i€s i€K
see [1]. In words, the core is the set of all the payoff vectors @ € R™ that satisfy
the conditions of feasibility (>, .ga; < v(S) for S € §), efficiency or group
rationality (},cgai > v(S) for S € S), and group stability (3, a; > v(K)
for K € P(N)\ S). Now, the key question is whether the core is non-empty.
The next classical result provides an answer to the question:

Bondareva-Shapley Theorem [3,9]. The core C of the cooperative TU-game
given by the coalition function v with respect to the coalition structure S = {N}
is non-empty if and only if the game is balanced.

As we can see, the classical Bondareva-Shapley Theorem provides the answer
in the special case when the coalition structure consists of the grand coalition
(S8 = {N}) only. We ask whether we can define the concept of balancedness
with respect to a general coalition structure S = {S1,S2,...,S5,} and prove the
respective generalization of the Bondareva-Shapley Theorem. Regarding the gen-
eralization in the case of cooperative crisp TU-games, see [2]. Now, our purpose
is to extend the results further to the case of cooperative fuzzy TU-games.

2 The core and balancedness of fuzzy TU-games

Consider again a cooperative game of n players with transferable utility. Now,
the fuzzy coalition is any fuzzy subset fg of the set N = {1,2,...,n} of the
players; we denote this fact by writing K C N. Recall that any fuzzy subset
KCNis given by its membership vector k € [0,1]"V, which is here understood
as a row vector kK = (K1 Ka ... Ky) with 0 < k; < 1 for ¢ € N. Notice that
if the membership vector is restricted so that k£ € {0,1}V; that is, x; € {0,1}
for ¢ € N, then it corresponds to the crisp coalition K C N, with ¢ € K if and
only if k; = 1 for ¢ € N. The membership vector corresponding to the empty
coalition ) and to the grand coalition N is x? and x, with x? = 0 and xN =1,
respectively, for i € V. o

The collection P(N) = { K : K C N} of all fuzzy subsets of the set N con-
tains all the fuzzy coalitions K C N that can potentially emerge. This collection
is identified with the aforementioned set [0, 1] of all the membership vectors k.

The fuzzy coalition structure is any indexed collection S = (S,)per of fuzzy
coalitions S’p C N with membership vectors o, € [0,1]Y for p € R, where R is
an index set, such that ZPGR o, = x" and o, # x" for p € R. Notice that,
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even though the set N of the players is finite, the index set R may be infinite
and a fuzzy coalition S C N may be present several times in the fuzzy coalition
structure S; that is, we may have S’p = S’q for distinct p,q € R. Moreover, if the
membership vectors are restricted so that o, € {0,1}", then the index set R is
finite, let R = {1,2,...,r}, say, and the fuzzy coalition structure S reduces to
the crisp coalition structure S = {S1,S2,...,S;} with S, ={i € N : (0,); =1}
forp=1,2,. rWeobv10uslyhaveU 1 Sp=Nand S,NS, #0iff p=g¢q
for p,qg =1, 2

Assume that a fuzzy coalition structure S = (S,),er has crystallized. It
means that the fuzzy coalitions S’p C N, for p € R, have emerged and exist. We
interpret the fact that 0 < (o7p); < 1 for p € R so that the player ¢ is involved in
the coalition S’p for “part-time job” in general; that is, the player is not involved
in the coalition at all if (6); = 0, the player is involved for “full-time job” if
(op)i = 1, and the player is involved for “part-time job” in the remaining cases.
Moreover, we understand the fact that formally the same coalition 5’ = 5’ , for
p,q € R with p # ¢, can be present several times in the coalition structure S
so that the coalitions S and S are actually distinct and they endeavour in
different branches of 1ndustry in general. Given this interpretation, it follows
that the total profits achieved by the distinct coalitions S’p and S’q, both of
which exist at the same time, may be distinct too in general.

Based on these considerations, we propose a new model of cooperative fuzzy
game with transferable utility. We propose that the cooperative fuzzy game is
given by a pair of functions V: R — R and v:[0,1]Y — R with v(x?) = 0. The
first function V' assigns the total profit of V (p) units of some transferable utility
to any fuzzy coalition S of the present fuzzy coalition structure S for p € R; that
is, the total profit V(p) is assigned to any coalition S, that presently exists and
is active and endeavouring in some branch of industry (This approach loosely
resembles that of Thrall and Lucas [10].) Now, a new fuzzy coalition K C N may
take the opportunity and form, leave the present coalition structure S, and start
to endeavour in a new branch of industry. This is the reason why we consider
the second function v. It assigns the total profit of v(x) units of the transferable
utility to the fuzzy coalition K € N ‘that decides to take the opportunity and
leave the present coalition structure S.

(We remark that the above model can easily be adapted to include the case of
restricted cooperation: Let A C [0,1]Y be the collection of the membership vec-
tors that correspond to the feasible fuzzy coalitions. We then define the function v
on the collection A only (v: A — R) and adapt the below given considerations
accordingly.)

Now, again, the purpose is that the players within each fuzzy coalition S’p
divide the total profit V(p) of their coalition among themselves for p € R. The
division of the profit will be described by the payoff matriz which is any matrix
A € RVXR where a;, is the profit apportioned to player 4 in coalition S, for
i € N and for p € R. Moreover, we set a;, := 0 for ¢ € N and for p € R such that
(o) = 0; that is, the player i is not involved in the fuzzy coalition S, at all. (The
total profit of player ¢ achieved via all the player’s involvements in the coalitions
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is the row sum 7; = ZPGR a;p for i € N.) Our purpose is to extend the classical
concept of the core to the present setting. Thus, consider a payoff matrix A €
RV*R_We agree that, if A belongs to the core, then the equations Y,y aip =
V(p), which express the feasibility and efficiency or group rationality, must hold
for all p € R. Regarding the group stability, assume that a fuzzy coalition
K C N with membership vector & € [0,1]" takes the opportunity and deviates
from the present coalition structure S. Then the coalition K endeavouring in a
new branch industry will achieve its total profit of v(x) units of the utility. We
stipulate that each player ¢ € N must have left some coalitions so that the sum of
the players “part-time jobs” exceeds x;. Mathematically speaking, we stipulate
that there exists an index subset K C R such that Zpe,c o, > k. Though the
index subset K C R could be infinite in general, we shall assume that the index
subset K is finite to obtain a simple definition of balancedness below. Then the
inequalities which prevent the fuzzy coalition K C N from the deviation from
the coalition structure S are ", > pek @ip > v(k) for every finite £ C R such
that > cxc0op > K.

To conclude, we define the core of the cooperative fuzzy TU-game given by
its fuzzy coalition structure S = (gp)peR, the coalition of this fuzzy coalition
structure function V: R — R and the fuzzy coalition function v:[0,1]Y — R
with v(x?) = 0 to be the set

C:{AERNXR:(Up)i:O = a;p =0 for i€ N and for pe R,
Y ien @ip = V() for peR,
Y opek 2ien Gip > v(K) for k€10,1]V and

for finite KX C R such that Zpe,c op > m}

Notice that, if A € C, then each of the variables a;, is bounded below and
above for i € N and for p € R. Indeed, if i € N and p € R are such that
(op)i =0, then a;, = 0. Consider now 7 € N and p € R are such that (o); > 0.
Take the membership vector k € [0,1]" such that k; = (¢,); and x; = 0 for
Jj € N\ {i}. Then a;, > v(k), which is a lower bound. Let a;, be a lower
bound of a;, for i € N and for p € R. Consider again ¢ € N and p € R such
that (op); > 0. We then have aip + 3 2icnn 4y jp < D jen @p = V(p), whence
aip <V(p)—>_ jeN\{i} &p» Which is an upper bound. Let @;, be an upper bound
of a;p for i € N and for p € R.

Let us suppose wlog that a;, < @;, for ¢ € N and for p € R. (Should we
have a;, > @;p, then let a;, := @, say.) Then the closed interval [a,,, ],
endowed with the usual Euclidean topology, is compact, therefore the product
X = [lien HPGR[Qip,Eip], endowed with the product topology, is a compact
topological space by Tychonoff’s Theorem. Notice that the core C C X.

It is easy to see that the core C is non-empty if and only if the following
system of linear inequalities, where a;, are variables, has a solution:

ZieN,(ap)pO aip < V(p) for peR,
- ZieN,(ap)pO aip < =V (p) for peR,

(1)

14



VOCAL 2022: Short Papers

= ek ieN (oy)is0 Gip < —v(k)  for k€D, 1]V and

2
for finite £ C R such that > @

pek Op = K.

Notice that there is a finite number of variables on the left-hand side of each
inequality in (1)—(2). Moreover, it is easy to see that, for any finite subset
Z C N x R and for any constant ¢ € R, the halfspace FF = { A € RV*R :
Dpyer Gip < ¢} is a closed set in the product topology of the space X. It
follows that the core C is the intersection of (possibly infinitely many) closed
halfspaces. Since the space X is compact, we conclude that the core C is non-
empty if and only if every finite subsystem of (1)—(2) has a solution; that is,
for any natural numbers r, s € N, for any p1,pe,...,pr € R, for any k1, ko, ...,
ks € [0,1]V and for any finite K1, Ka,...,Ks C R such that Yper, Tp > Kq
for ¢ = 1, 2, ..., s, the following system of linear inequalities, where a;, are
variables, has a solution:

ZieN,(app)po aip < V(pp) for p=1,2,...,r,
- ZieN,(app)po aip < =V (pp) for p=1,2,...,r7, (3)
= 2 peK, 2uieN (oy)i>0 Yip < —V(Kq) for ¢=1,2,...,s.
The following result is useful:

Gale’s Theorem of the alternative [4,5]. Let A € R™*" be a matrix and
let b € R™ be a vector. Then there exists a solution x € R™ to the system of
linear inequalities

Az <b (4)
if and only if

VAT e RP>*™ AT > 0T: ATA =0T — ATb>0. (5)

By identifying system (4) with (3), the condition (5) and some calculations
yield the concept of balancedness of the cooperative fuzzy TU-game.

It will be useful to introduce the operation of rounding up. A number o €
[0, 1] is rounded up as follows: we let [¢] = 0if 0 =0, and [o] =1 if ¢ > 0.
Given a row membership vector o € [0,1]V, the operation [-] is applied to the
vector componentwise; that is, we have [o] € {0,1}" and [o]; =0 or [o]; =1
if 0; =0 or o; > 0, respectively, for : € N.

Recall that the fuzzy coalition structure S = (S,),er consists of fuzzy coali-
tions S’p C N with membership vectors o, € [0,1]V for p € R. We say that a col-
lection {K’l, K, ... ,K’S} of fuzzy coalitions K1, Ko, ..., Ky C N with member-
ship vectors K1, kg, ..., ks € [0,1]Y along with a collection {K1,Ks,...,Ks} of
finite index sets KC1, Ko, ..., s C R such that Zpe,cq op > Keforq=1,2,...,s
is balanced with respect to the fuzzy coalition structure S = (S,),e if and only

if
Z Z Aglop] = Z“pp [0, ]

q=1 pek,
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for some balancing weights A1, Ao,..., Ag > 0, for some natural number r € N|
for some indices p1,p2,...,pr € R, and for some fip,, fip,; - -, fp, = 0 such that
Hpy T Hpy oo A pp, = 1.

Finally, we say that the given cooperative fuzzy TU-game is balanced with
respect to the fuzzy coalition structure S = (S,)per if and only if

Z Z Aqv(Kq) < Zﬂppv(pp)

q=1p€eK,

for every balanced collection {f( LK, ... ,f(s} of fuzzy coalitions along with the
corresponding collection {1, Ko, ..., s} of the finite index sets.
By combining all the facts together, we come to the main result of this paper:

Bondareva-Shapley Theorem, generalized version. Let a fuzzy cooper-
ative TU-game; that is, a fuzzy coalition structure S = (Sp)per, a function
V:R — R of the coalition of this fuzzy coalition structure and a fuzzy coali-
tion function v:[0,1]Y — R with v(x") = 0 be given. Then the core C = { A €
RNXR N v aip = V(p) for p € R, and Y pek 2ien dip = v(k) for k € [0, 1w,
and also a;, = 0 if (0,); = 0 for i € N and for p € R } is non-empty if and only
if the game is balanced.
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