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‘ON GLOBAL LEPAGEAN EQUIVALENTS

M. MARVAN

In this note, the sheaf of lepagean equivalents of the zero-lagrangian on a
fibered manifold 7" : "} — X is shown to be fine so that the existence of
a global first variation formula is established by a sheaftheoretical method.

For a detailed information about lepagean equivalents (also called Poincare
‘Cartan cquivalents) and their meaning for the first variation formula see
Krupka [4],[5]. Below we only sketch the facts. Sheaf theory may be
consulted in [2].

The structure we work on is a fibered manifold. say 7: Y = X, considered
with its r-jet prolongations #: j7Y = X, r € N. Recall that j°Y =Y, and
denote by I'(m) the set of sections of 7. The projections /"’\,7 *—*jiy are
denoted by wh: 7Y = Y.

Fibered: coordinate systems on Y are denoted (U(x) _1'/‘ ), i=1,...,dimX,
k=1.....dim Y-n and give risc to fibered coordinate systems (/" U,(x, \"\f‘,
A0 on /Y. Forafunction f: /7Y > R 8f/ox, affork... af/ak
- el

1277 . . . .
are the usual partial derivatives whilst

ST Y e S
d.\/ a.\/ a) 8}\,-‘_._1-’ 1y
(summation) is the so called total derivative.
On Y there is the sheaf qu" of r-th order ¢-forms and a well-defined

map /o qu" - Qq/'"”
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(hp) ., = Ty o 7 1)*p)
].;1\ 1’)’ . ]:— l,y
The form hp is always n"-horizontal, i.e. i=p = 0 whenever = is a vector
vanishing under the projection #n’. A form p is #/-horizontal if and only if

= (7r’+1)*p and is contact (ie., (fy)*p =0 forevery y € I'(m)) if and
only if hp= O Obviously, h is a A-homomorphism fr fo 7r’+1 (for
functions), dx! — dx!, cyljf Nine 1‘k L/dxf (summation)

The subsheaf of Q j" of horlzontal *forms we denote by SZO i

Similarly, p = (#*)y* —j . Qq] — Qq]'“ satisfies p(p A o) =pp A po+
+pp A ho +hp A po, pp isalways contact, p is contact if and only if pp =
= (n’*‘)*p and p is 7#'-horizontal if and only if pp = 0. In fibered
coordinates p is defmed as the mapping f~ fo 17’” (for functions), dxi~ 0,
dy"." ™ w" T = dy¥ - y’." lx/dx/

The subsheai of Q j" of contact forms we denote by Q)l i

Let p €8, ] "U be a form. Let us apply p to its coordmate expression.
Oviously, at least one of the forms wk 4, oceurs in every summand of pp
and it is possible to decompose pp as' follows:

pp=plo+pipt... +p'p

where 7 = dim X and plp contains just terms of the form
N 2 K /y Iq-1
fw AN w Ao A w AdXYA LN dX

Le. containing some wf‘lm,&
Essential is that this decomposition does not depend on a fibered coordinate
system chosen. So, there arise maps p': Q,/" > Q,/"*! satisfying plp A 0)=
=plonho+ptio Apta+. . +plp A pltlo+hp A plo, and we can define
a ¢-form p to be l-contact if plp = (ﬂ£+l)*p. The sheaf of /-contact forms we
denote by Q[qj’
According to [4], [5] a sheaf of rth order lagrangians on a fibered manifold
7 Y = X over an n-dimensional orientable compact base manifold X is just
ngf, a sheaf Lep’/* of s-th order lepagean equivalents of r-th order lagrangians
is the subsheaf of Q”]’S consisting of forms p such that /Zp € ng’ U, and
pldp 'is n%-horizontal (ie. iEpl dp = 0 whenever = vanishes under ﬂ‘B).
From [4], [5] we also know that the sheaf map / : Lep/j""! - Qg/’ is “epi”.
Our purpose in this note is to show that the induced map of global sections is
surjective.
| Any form ¢ € Leprjz"' U with hd =N\ is called a (local) lepagean equivalent
of the lagrangian X\ and then I := ptdo is the Euler-Lagrange form of .
In fibered coordinates, the procedure of [4] gives for a lagrangian A =
= ANdxP AL A dXT

just [-times.
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r -
9= Adx'A .. AdXT+ EXA]/? o w]].‘ N A N
_ -

5= 1o lsds

Ay pax +

+ (= 2)-contact terms which are unessential, hence usuaily omitted, and

k - j-1 oA d a
A= A At
Jptedds v 4 E))‘;‘lmjx dx; al'/’.‘lu_jsi
s A 9A
t=h 1 B /,ir: a\'k : i
ax UX . .jsll,..lm

+, the facultative terms which do not affect /)l(/p but can make p invariant.

The facultative terms may occur when dim X > 1 and r > 2 so that in this
case the local lepagean equivalent is not unique and its global existence, although
guaranteed, is not selfevident.

This problem is equivalent to that of an existence of the global first variation
formula and as such was first solved by Kupershmidt [6]. A direct proof is first
due to Krupka [4] who found additional geometric conditions under which the
local lepagean equivalent comes out uniquely i.e. is global. The problem was
solved independently by Horak, Kolaf [3]. Also Garcia, Munoz [1]in accordance
with their approach to the calculus of variations construct the form p depending
on a pair of connections on the underlying fibered manitold.

Easily can be the existence of global lepagean equivalents deduced as follows:
The homomorphism

¥
Lepr}-?.r-l ! ,le-r

has as its kernel the sheaf Lepojz”l of lepagean equivalents of the zero
lagrangian and there arises a short exact sequence of sheaves of abelian groups

projzr-l = Lepj2! N le-r

and a long exact sequence of abelian groups

Lepy/2™' Y = Lep’/" ¥ "= 0/ Y "= H'(Y, Lepyi*™") = ....
is-induced.

Lemma: The sheaf Lepoj' is fine, hence acyclic.

Proof: Recall from [2] that being fine is an acyclicity criterion which amounts
to saying that to every two closed disjoint subsets A, B of ;'Y there exists a
sheaf homomorphism ¢ : Lep,/” = Lep,/” such that 0 4= id, o/p = 0 on
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some neighbourhoods A’, B" of A, B respectively. Recall also that the fineness
is a local property which enables us to confine ourselves on some coordinate
neighbourhood U - 7U.

Thus, let A4, B be two disjoint closed subsets of /U, let n: /U - R bea
smooth function equal to 1 on some neighbourhood A’ of 4 and zero on
some neighbourhood B’ of B.

Recall from [4] that for a form

_ o+ ok k
0 SEOGIIIS’]wlllS/\ Q/
where of ;= dyfl...z'f }"z}“}.“z‘gdxj and Q= (1Y dx!nL @) p
9 € Lep,j’ if and only if
k -
®(il...ir,j) =0,
k
ok . = (i?il“'is{i 0<s<r
REARY dx, h ‘

where @ .. z‘sj) stands for the symmetrization.
We can construct the desired homomorphism ¢: Lep, /"= Lep,/” as follows:
Put for p € Lep,j"U

- v wk k
V= EO‘I’il...'S AR

where
k =
q’il.. ;=0
dwk
d i
k = @k an ypeldep
| \I/z‘lu i, Oilnisj,p P N 0<s <y
Then put wp =n.p + yp, and
k - ok k
q)l ‘is’] n Oil' ! /+ \Ill.l"j:’/
Obviously,
k - ok
Gy SO g
and
o gk gk Lok dn
Uped) T gyp (bzl i =M 9“1“'15'/) Lo dip P
dwk
i 0jp .
FE— s/ d (1)6_ = @k +
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: { ! k
+k o 9m ¢ IO =
Lyl P P dxP (n 1‘4..151.17)
=n.©F . 4ok )

1 ,413,j) L/.\.[) ll..,IS/.[)

whence actually ¢ choj"% choj". Besides that. ¢ obviously vanishes on '
every open set on which n is constant, particulary on A" B'. so that

€y = id, “p’/B' =0
as desired.

Moreover. it can be shown that p'd(gp) = pldm . p).
Consequently. /' (Y, LL'pO/’z"l y=0 and A Lep Py - .(Zgj")' is
surjective.

The author wishes to express his gratitude to Prof. D. Krupka for many valuable
discussions. Further author’s contributions to sheaftheoretical methods in the calculus of
variations will appear elsewhere. )
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